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Mixed Laminate Theory and Finite Element
for Smart Piezoelectric Composite Shell Structures

Dimitris A. Saravanosx
Ohio Aerospace Institute, Cleveland, Ohio 44142

Mechanics for the analysis of laminated composite shells with piezoelectric actuators and sensors are presented. A
new mixed laminate theory for piezoelectric shells is developed in curvilinear coordinates that combines single-layer
assumptions for the displacements and a layerwise representation for the electric potential. The resultant coupled
governing equations for curvilinear piezoelectric laminates are described. Structural mechanics are subsequently
developed and an eight-node finite element is formulated for the static and dynamic analysis of adaptive composite
shell structures of general laminations containing piezoelectric layers. Evaluations of the method and comparisons
with reported results were performed. Numerical results for cylindrical laminated piezoelectric composite panels
with continuous piezoceramic actuators and cantilever shells with continuous or discrete piezoelectric actuators
and sensors illustrate the advantages of the method and quantify the effects of curvature on the electromechanical

response of piezoelectric shells.

I. Introduction

MART composite laminates and adaptive composite structures

with embedded piezoelectric sensors and actuators seem to
combine some of the superior mechanical properties of compos-
ites with the additional capabilitiesto sense deformationsand stress
states and to adapt their response accordingly. Such novel materials
andstructureshave received substantialresearchattention. Adaptive
curvilinear composite shells with embedded piezoelectric devices
are among the structural configurations of most practical interest
because curvilinear structural configurations are commonly used in
aeronautical,aerospace,automotive, and other engineeringapplica-
tions. Yet, smart shell structures are also among the more challeng-
ing to study both analytically and experimentally,and their analysis
remains an active research area. Consequently, the present paper
presentstheoreticalfoundationsand mechanics for the coupled anal-
ysis of curvilinear piezoelectric laminates and shell structures.

Numerous theories and models have been proposed for the anal-
ysis of laminated composite beams and plates containingactive and
passive piezoelectric layers. Simplified approaches attempting to
replicate the induced strains and electric fields generated by a piezo-
electric layerunderan externalelectricfield have been proposed.! -
Variational methods and finite element models for piezoelectric
solids have also been reported by Allik and Hughes.® Naillonetal.,
Tzou and Tseng.,® and Ha et al.” Layerwise theories were reported
for infinite piezoelectricplates by Pauley'® and for finite elastic lam-
inated beams and plates with induced strain actuation by Robbins
and Reddy."*!? Coupled layerwise theories and finite elements for
laminated composite beams and plates with piezoelectricactuators
and sensors were also developed by Heyliger et al.,!3 Saravanos
and Heyliger,'* and Saravanos et al.,'> which consider the complete
electromechanical response of smart piezoelectric plate structures
under externalmechanicalor electrical loading. An exact piezoelas-
ticity solution has been also reported by Heyliger and Saravanos'®
for piezoelectric laminated plates.

Analytical formulationshave been proposed for laminated piezo-
electric shells. Dokmeci'’ has reported theoretical work for the vi-
bration of single-layered piezoelectric shells. Lammering'® devel-
oped a Reissner-Middlin type shear deformable finite element for
shells with surface bonded piezoelectriclayers. Koconis et al.! have
reported a Ritz method for sandwich composite shells with embed-
ded piezoelectricactuators. Tzou and Garde?® reported approaches
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forthe analysisof thin laminated shellsbased on Kirchhoff-Love as-
sumptions. Theoretical formulations that include Reissner-Middlin
type of shear deformation theory and rotary inertia effects were
presented for curved beams and rings by Larson and Vinsor?! and
for shells by Tzou and Zhong.??> The previous approaches effec-
tively utilize equivalent force/moment representations of the in-
duced piezoelectric strain by attempting to replicate the electric
fields in the piezoelectric layers and do not solve the coupled equa-
tions of piezoelectricity directly. This limitation typically results
in inferior solutions for smart structures with embedded piezoce-
ramic sensors, including the prediction of sensory electric signals.
Alternatively, Tzou and Ye? proposed the analysis of piezoelec-
tric shells as a layerwise assembly of curvilinear solid piezoelectric
triangular elements, and Heyliger et al>* developed discrete-layer
mechanics and a finite element for laminated piezoelectric solids.
These are effectively three-dimensional approaches, and although
they are very powerful computationally,they typicallyresultin large
problem sizes and high computational effort.

It seems, therefore, that a coupled piezoelectric shell theory
that can accurately and efficiently predict the electromechanical
response of thin and intermediately thick piezoelectric-composit
shells has not been reported yet. Consequently, this paper attempts
toremedy this void in currenttechnologyand presentsthe theoretical
foundations of a new coupled piezoelectric shell theory and, more
importantly, the development and evaluation of a corresponding
finite element formulationthat enables the formal analysis of piezo-
electric composite shells. The mechanics are truly coupled; that is,
they involve approximate through-the-thickness fields for both dis-
placementsand electric potentialand solve the coupled equationsof
piezoelectricity in curvilinear coordinates. Moreover, the proposed
laminate shell theory is unique because it utilizes different types of
approximations for the displacement and electric potential, that is,
first-order shear theory type of assumptions for the displacements
and the so-called discrete-layer (or layerwise) approximation for
the electric potential '3 The combination of mixed through-the-
thickness approximations for the displacement and electric poten-
tial is a unique feature of the mechanics that is termed, hereafter, as
mixed piezoelectricshelltheory (MPST), which enablesthe analysis
of thin and moderately thick piezoelectric shells of general lamina-
tions with reasonable computational efficiency, while maintaining
sufficient detail in the approximation of the electrical fields. The
approach is particularly suitable for finite element formulations, as
it ensures direct calculation and continuity of the sensory electric
potential over the shell structure, thus avoiding the drawbacks of
uncoupled approaches that effectively back calculate the sensory
voltage from mechanical strains. These drawbacks may become
more severe at low thicknessesdue to overstiffeningassociated with
shear theory. Finite element formulations are also presented, based
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on MPST, and an eight-node curvilinear shell element is developed
for the numerical analysis of piezoelectric composite shells.

II. Piezoelectric Laminated Shells

This section describes the analytical formulation for curvilinear
laminates with embedded sensory and active piezoelectric layers.
The curvilinear laminate configuration is shown schematically in
Fig. 1. Each ply of the laminate remains parallel to a reference
curvilinear surface 4,. An orthogonal curvilinear coordinate sys-
tem O &ndis defined, such that the axes & and 17 lie on the curvilin-
ear reference surface 4,, whereas the axis { remains straight and
perpendicularto the layers of the laminate. A global Cartesiancoor-
dinate system Oxyz is used to define A4, hence,apointr = (x, y, z)
on the curvilinear laminate is

rEN O =rEm+ ¢ (1)

wherery = (xo, Jy, Zo) arethe Cartesiancoordinatesof the reference
surface 4, and ¢ indicates the unit vector perpendicular to the
reference surface.

Governing Material Equations

Each ply is assumed to consist of a linear piezoelectric material
with properties defined on the orthogonal curvilinear system O Ené
and constitutive equations of the following form?*:

a = ClS; _enk, Dy =e;S; + &, Ex (2)
wherei, j=1,...,6andk,/=1,...,3; & and S; are the mechan-
ical stresses and engineering strains in vectorial notation; Ej is the
electric field vector; D is the electric displacement vector; C;; is
the elastic compliance and stiffness tensors; ¢;; is the piezoelectric
tensor; and gy is the electric permittivity tensor of the material.
Superscripts E and S indicate constant electric field and strain con-
ditions, respectively. The axes 1, 2, and 3 of the materialare parallel
to the curvilinear axes & 1, and ¢, respectively. The materials are
assumed to be monoclinic class 2 crystals with a diad axis parallel
to the § axis. The assumed material class is general enough such
that Egs. (2) may encompass the behavior of off-axis homogenized
piezoelectricplies as well as passive composite plies.

The tensorial strain S;; and electric field components in a curvi-
linear coordinate system are related to the displacements and elec-
tric potential, respectively2® For the curvilinear system O&ng de-
fined in Fig. 1, the strain-displacement relationships are given in
Refs. 27 and 28, while the relation of the electric field vector Ej to
the electric potential ¢ is provided in Refs. 22 and 28.

Mixed Field Laminate Theory

A new theory for piezoelectric laminates is proposed that com-
bines linear displacement fields through the thickness of the lami-
nate for the displacements u and v (along the & and 1 axes, respec-
tively) with a layerwise electric potential field through the laminate,
consisting of N discrete continuous segments (Fig. 2). Previous
work by Saravanos and Heyliger'# and Saravanos et al.'* on layer-
wise theories for piezoelectric beams and plates has demonstrated
the advantages and necessity of layerwise approaches in captur-
ing the complicated electric fields and interactions that are present
in piezoelectric actuators and sensors. Consequently, by mixing a
layerwise electric potential field with first-order shear theory as-
sumptions for the displacements,a new piezoelectricshell laminate

Fig. 1 Curvilinear piezoelectric laminate and coordinate systems.
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Fig. 2 Typical piezoelectric laminate configuration: a) concept and
b) assumed through-the-thickness displacement and electric potential
fields.

theory (MPST) is postulated, which can 1) accuratelyand efficiently
model thin and/or moderately thick laminated piezoelectric shells
with arbitrary laminations and electric configurations and 2) cap-
ture the through-the-thickness electricheterogeneity induced by the
embedded piezoelectric sensors and actuators.

The discrete-layer assumption effectively subdivides the lami-
nate into N __ 1 sublaminates (or discrete layers). The subdivision
can be arbitrarily controlled according to the configuration of the
piezoelectric layers and/or the required detail of approximation. A
continuous electric potential is assumed in each sublaminate, such
that a Cy continuous variation results through the thickness of the
laminate (see Fig. 2). The displacements and electric potential of
the mixed-field theory take the following form:

wEn Go=u(En )+ PAEn )
v(EN G =y (ENn D+ PBEND
w(En &n=w'&n )

N

pen g = ZW(@ 0¥ (<)

where 1°, v, and w? are displacementsalong the & 7, and { axes,
respectively,on the referencesurface A4; superscript j indicatesthe
points &’ at the beginning and end of each discrete layer; ¢/ is the
electricpotentialat each point {7 (seeFig. 2); W/ (z) are interpolation
functions; and f and f3; are the rotation angles defined as

B:= _(w_oé/g?l) + (uO/Rl), B, = _(w_on/ggz) + (VO/Rz)
“4)

where R; are the local radii of curvature (Fig. 1). Two unique ad-
vantages of the laminate theory are obvious: 1) the complete elec-
tromechanical state of the smart laminate is represented and 2) the
formulationentailsthe inherentoptionto select the detailof approxi-
mation of the electricfield. Linear interpolationfunctions ‘\V(z) were
considered in this paper.

The Love assumption is further implemented; that is, the lo-
cal radii of the shell are substantially higher than the thickness
(hl R; <<_), yielding (14 &/ R; o 1). The Love assumption is ap-
propriate for shallow shells, yet additionalwork will be presentedin
the near future for deep shells with the Love assumption removed.
Now, in the context of Eqgs. (3), the engineering strains become

S(EnEn=SEn)+di(Eny, i=1,26
Sy (ENCH=0 (5)
S(En&n=SEny, =45
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where S° and k are the strainand curvaturesat the reference surface,
defined as follows:

1 g w? 1 g wo
e [ el B R
811 gzz R gzz 811 R

1 0 1 9
Sg =— v?é_&uo + = u?n_%vo (6)
&1 822 & &1

w v 0 w u 0
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—_, + A —_—
R ﬁé g no R

_ 1 &in _ 1 gglé
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2
g Siin gzz 8¢
Pre == "Pe| + oo | Pen—=0=Pi
g 11 ( £ )
where R; are the local radii of curvature and g, and g, are the

components of the metric tensor on the surface 4o(§ = 0) de-
finedasg? = ( 3_5 + yé_é + zé_é) andgd, = \(/fgn + yé_n + zé_,])A

%

The electric fig}d vector also becomes
N
E(EnEn= ZEK(é, now(, i=12
i (®)
E(Engn= ZE,{(e:, Uk ()
where {E J } is the generalized electric field vector defined as
Ef = _(q)_%/g?l), Eg = _(q)_j,]/ggz), E{ =_@/
)

Equations of Motion

Considering that the Jacobian matrix [J] of the transformation
between the global Cartesian and curvilinear system O &ng takes
the form

_ |9, »,2)

(10)

it is possible to rearrange the variational statement of the equations
of motion and separatethe through-the-thickness integration, as fol-
lows:

] —[OHL(S, E) _ T |dédn+ f(&fr, + 8pD)dT =0
Ay
(11)

where A, is the curvilinear reference surface; 7 and D are, respec-
tively, the surface tractions and electric displacement on the bound-
ary surface I'; 0H; and 8T, are the variationsof the electricenthalpy
and kinetic energy of the laminate, defined as

h
(5H,, 3Ty = ] (o, 8yt o (12)

and / is the laminate thickness. By combining Eqgs. (5), (8),and (12)
and integrating through the thickness, the variation of the electric
enthalpy of the piezoelectric laminate is obtained as a quadratic
expressionofthe generalizedstrain/electric field and the generalized
laminate matrices,

OH, = 85! 4;S) + OS] By jk; + &k; B;:S! + & D;;k;

ijR j

N

- 2:(aS,QE,,";Eg’ + OE} ;S + &k; E! EY + SE} E"'k;)

N N
- ZZSEZ’ Gl E" (13)

Inthe precedingequation, [ A],[ B], and[ D] arethe stiffnessmatrices
of the curvilinear laminate,
Gyl & Cz)dC

o o L [
( i ']’ij):gllgﬂ E ’
g
ihj=1,2,6 (14)

0.0 ZL G ..
4ij = 8182 ; C;; d¢ i,j=4,5

[]_5’"] and []A:""] are the piezoelectric matrices,

L [
<Ernj1’ Em> gugzz ng e,»j‘P_"é(Q(l, C)dé

i=3, j=12,6 (15
- 0 o L Q41
El =g),9) 2 . e; (8 dE i=1,2, j=4,5
and [ G™] are the laminate matrices of electric permittivity,

L G
G = g?lgSzZ]a &P (Q¥(Qde =12
. (16)
oy = el 3| T esvu0vuo s

and L is the number of plies in the laminate. All remaining matrix
terms not shown earlier are zero.

Combining Egs. (3) and (12) and integrating through the thick-
ness, we find that the kinetic energy of the laminate takes the form

ol = &"?/)iA’:‘? ﬁ] + &31/)3” + &31/)] ﬁl
i=1,...,3, j=12 (17
where u? = fu®, vO, w S}and B = {t l, pt, PP, and p? are
the generahz densme expressing the mass, mass coupling, and

rotational inertia per unit area, respectively, of the laminate,

L [
(pA,pB,pD):g?lg%ng p(laééz)dé (18)

III. Finite Element Formulation

The precedingformulationof governingequations in the orthogo-
nal curvilinearsystemand the attained generalized variational state-
ment in Eq. (11) enable the development of structural solutions
by using approximationsof the generalized electromechanicalstate
(displacements, rotation angles, and electric potential) on the refer-
ence surface A4y, of the following type:

M
u(j).(é, nt) = Zu?i(t)N’(é, n, j=1,....,3
M . .
Bi(&nt) = Zﬁ}(t)N'(é n), ji=12 (19)
M
m=1,...,N

PrEnn= Z¢"’i(t)N’(<§, n,

where superscript i indicates the reference surface displacement,
rotation angle, and generalized electric potential components cor-
responding to the ith in-plane interpolation function N'(&, 7). For
structural problems with general boundary, geometry, and material
configurations, local interpolation functions may be used in Egs.
(19) to develop finite element based solutions. When we combine
Egs. (6), (7), (9), and (19), the strain and electric field interpolation
matrices result. Substituting into the generalized equation of mo-
tion (11) and collecting the coefficients as mandated by Egs. (13)
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and (17), we find that the governing dynamic equations of the struc-
ture are expressed in a discrete matrix form,

[[Agm] g]{{g}}}+[[[§%?]] {Z;‘; {{g{*}

)

FA A
= { {FOY—[K# }} (20)
{27 (0} —[K3'1{¢"}

Submatrices K,,, K,¢, and Ky indicate the elastic, piezoelectric,
and permittivity matrices, and M, is the mass matrix; superscripts
F and A indicate the partitioned submatrices in accordance with the
sensory (free) and active (applied) electric potential components,
respectively. The left-hand side includes the unknown electrome-
chanical response of the structure iu, ¢, that is, the resultant
displacements and voltage at the sensors. The right-hand side in-
cludes the excitation of the structure in terms of mechanical loads
and applied voltages ¢ on the actuators. The electric charge at the
sensors QF () remains constant with time (practically open-circuit
conditions)and is assumed to be known. Based on the preceding for-
mulation, an eight-node (M = 8) finite element was developed with
biquadraticshape functionsof the serendipity family. The preceding
dynamic system may be solved to obtain either the electrostatic re-
sponse of the structure, or the modal characteristics(free vibration),
or the dynamic response of the piezoelectric shell.

IV. Numerical Results and Discussion

Evaluations of the developed mechanics and applicationson var-
ious composite structures with piezoceramic (PZT-4) actuators and
sensors are presented. To show the location of piezoelectric layers
through the thickness, the standard laminate notation is expanded
such that piezoelectric layers are indicated with the letter p. The
properties of all materials are provided in Table 1. The structural
configurations that were studied included plates, closed cylindrical
rings, simply supportedcylindricalpanels,and cantilevercylindrical
laminated shells of various curvatures.

[ pl0/90/0/p] Plate

Convergence studies and comparisons were performed with re-
sults previously obtained via exact solutions'® and discrete-layer
plate finite elements!® for the free-vibration response of a simply
supported [ p/ 0/ 90/ 0/ p] cross-ply graphitelepoxy composite plate
with surfaceattachedpiezoceramic(PZT-4) layers. Because of space
limitations, these studies are only summarized,and detailed descrip-
tions are given in Ref. 28. Open (O) and closed (C) circuit condi-
tions at piezoceramic layers were modeled to quantify the effect of
piezoelectriccoupling because uncoupledapproachescannot model
open-circuit conditions. Excellent convergence and agreement with

Table1 Mechanical properties (£ = 8.85 «, 10—'2 F/m,

electric permittivity of air)

Graphite/epoxy ~ PZT-4

Elastic properties
Eyj, GPa 132.4 81.3
E», GPa 10.8 81.3
Ez3, GPa 10.8 64.5
G123, GPa 3.6 25.6
G13, GPa 5.6 25.6
G2, GPa 5.6 30.6
Via 0.24 0.33
Vi3 0.24 0.43
Vi3 0.49 0.43
Piezoelectric coefficients, 10—!2 m/V
ds) 0 _122
ds 0 _122
dh 0 495
dis 0 495
Electric permittivity
enl & 3.5 1475
&l & 3.0 1475
&3l & 3.0 1300
Mass density p, kg/m? 1578 7600

the exact solution were obtained for the fundamental frequency and
the through-the-thickness electromechanical mode of moderately
thin plates (a/ h = 50).

Closed Cylindrical Shell

The quasistatic and free-vibration response of an unsupported
closed cylindrical titanium shell with a continuous piezoceramic
layer on the outer surface [Ti/ p] was predicted. Two types of load-
ing conditions were examined to investigate the active and sensory
response, respectively: 1) applicationof a sinusoidal electric poten-
tial on the outer surface of the piezoelectric layer and 2) application
of a line force with free electric potential on the outer piezoelectric
surface. Very good convergence was obtained in all cases for var-
ious mesh densities along the & and 7 axes, as well as very good
agreement with numerical results calculated with a recently devel-
oped layerwise finite element for laminated piezoelectric solids,*
which validate the accuracy of the present method. It was also found
that the applied sinusoidal electric potential can produce significant
ovalization of the active shell. More detailed descriptions of these
numerical studies can be found in Ref. 28.

[0/90]s Cylindrical Panel with Continuous Actuator

The active response of a [0/90], simply supported 90-deg cylin-
drical panel with a continuous PZT-4 actuator embedded at various
thickness locations was modeled with a uniform 15,4 mesh along
the & and n axes, respectively. Each graphite/epoxy ply was 0.375
mm thick, and the thickness of the PZT-4 actuator was 0.5 mm,
such that the total thickness 4 was always 2 mm. The midsurface
radius of the panel was R/ h = 100, and the axial-to-hoop-lengh
ratio L,/ Le = 1. Three different laminate configurations were con-
sidered, representing placement of the actuator at the outer surface
([0/904/ 0/ p]), middle surface ([0/ 90/ p/90/0]), and inner surface
([p/ 0/90,/0]) of the panel, respectively. The actively inducedradial
deflections along the axial midspan (L,/2) of the panel are shown
in Fig. 3, with a uniform electric field of E5(& 1)) = _400 kV/m
applied on the actuator. Figure 3 shows that the thickness placement
of actuatorshas a significant and complicated effect on the response
of this active panel. Results from a Ritz solution using the MSPT
and utilizing trigonometric in-plane global functions in Eq. (19) are
also shown in Fig. 3. The finite element predictions have exactly
duplicated the Ritz solution, indicating the excellent convergence
of the element.

Cantilever Cylindrical Shells

The remaining case studies illustrate the response of cantilever
graphite/epoxy cylindrical shells with either a continuous PZT-4
layer or four curved patches attached on each side of the composite
shell, covering 80% of the free area. The thickness of each compos-
ite ply is 0.12 mm, whereas the thickness of each piezoelectriclayer
is 0.24 mm. The circumferentiallength L: = 0.314 m and the aspect
ratio Lg/ L, = 5 remains constant. The midsurfaceradius was varied
to study the effects of curvature of the active/sensory response of
the shell. The shell configuration, the curvilinear coordinatesystem,
and the finite element discretizationare shown in Fig. 4 for a semi-
circularshell. Threediscrete layers (N = 4) were used for the electric

0.015

Ritz
[0/90/90/0f] € —
§ 0.01 / \ (0/90/p/90/0] & = - = /,«
] J T — !
.S \ [p: | /
3
= .
2 o
a ﬁh
8 \
g .
T
'4
b o . )
Aeen” .
-0.005 ‘ | o
0 0.2 0.4 0.6 0.8 1

Normalized Hoop Distance

Fig.3 Effect of through-the-thickness actuator placement on a simply
supported quarter-circular [0/90]; cylindrical panel; uniform electric
field E3(&, n) = _400 kV/m applied.
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Piezoceramic actuator

Geometry
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Finite element mesh

Fig. 4 Semicircular cantilever shell with eight surface-bonded cylin-
drical piezoceramic patches.
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Fig.5 Activeradialand circumferencial deflections of the semicircular
[45[_45/0], cantilever shell; 100 V applied on each piezoelectric layer.

potential field, one for each piezoelectric layer and one for the com-
posite laminate. In all cases, the electric potentialat the bonded sur-
faceofthe piezoelectricpatches was forcedto remain zero. The spec-
ification of the othertwo generalizedelectric potential valuesresults
in various active and/or sensory configurations of the smart shell.

Active Case

The activeradial (w®) and hoop (1°) deflections for a semicircular
[p/45/ _45/0], shell are shown in Fig. 5, with 100 V applied on the
free surface of each piezoceramic. For comparison purposes, Fig. 5
shows the active deflections of the shell induced either by the eight
curved piezoceramic patches or by two continuous piezoceramic
layers of same thickness attached at the inner and outer surface.
The effect of discrete actuators on the deflected shape of the shell
is obvious and can be attributed to the nonuniform actuation and
laminate stiffness resulting from the discrete actuators. It is impor-
tant to point out the relatively high radial and hoop deflections at
the free end. This highlights the possibility to achieve substantially
large, yet accurate, and rapid free-end positioning with such active
cantilever shells.

The effect of curvature, expressed by the ratio 4/ R, on the active
tip deflection of the shell is shown in Fig. 6 for the case of two con-
tinuous actuators. The results clearly illustrate that active cantilever
cylindrical shells have the potential to achieve two-dimensional
positioning of their free end, as opposed to the case of the can-
tileverplate (2/ R=0), whichundergoesonly transversedeflections.

4

2 L
5
£ 0
[
Q
©
= h/R=0 )
2 h/R=0.006
a2l e
= Rt

h/R=0.012 _‘_-"'
A e i E
'6 L L | L
0 0.2 0.4 0.6 0.8 1 1.2
h/R x 100

Fig. 6 Effect of curvature on the tip displacement of a [ p,/45/_45/0]
cantilever shell with continuous actuators; 100 V applied on each piezo-
electric layer: ——, hoop (u/h) and — —, radial (w/h).
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Fig.7 Sensory electric potential (¢bds;/h , 10°) and radial deflection
predictions ofa semicircular [ p,/0/90/45] _ Aé | s cantilever shell with con-
tinuous piezoelectric sensors; radial line load Fz =159.2 N/m is applied
at the free end.

Higher active tip deflections may also be achieved within certain
curvature ranges, thus increasing the effectiveness of piezoelectric
actuators. These beneficial effects can be attributed to the capabil-
ity of curved actuators to simultaneously actuate both in-plane and
transverse displacements[see Eq. (6)].

Sensory Case

The responseofa [ p/ 0/ 90/ 45]; cantilevershell with all piezo-
electric layers configured as Sensors (free electric potential) was
also modeled. In all cases, a radial line load in the hoop direction
Fz=159.2 N/m was appliedat the free end, and the electric potential
was normalized as @ds1/ I <, 10°. Figure 7 shows the radial deflec-
tion and the sensory electric potential of a semicircular shell with
continuouspiezoelectric sensors. The differences in the predictions
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Fig. 8 Radial and circumferencial deflections and corresponding sen-
sory electric potential (¢d3llhx 10°) of the semicircular [ p,/0/90/45/
__45]; cantilever shell with discrete sensors; radial line load Fr=159.2
N/m is applied along the free end.

of the present theory (MPST) vs an uncoupled approach, which ne-
glects the piezoelectric coupling mandated by Egs. (2) and (13), are
also compared in Fig. 7. The sensory electric potential values of the
uncoupledtheory were recovered from the generalized strains at the
integrationpoints, using the equationof charge conservationfor thin
shells,?? whereas the electric potential predictions of MPST at the
respective integration points were interpolated from nodal values
using the third equation of Eq. (19). Selective reduced integration
was used in this caseto reduce oscillationsin the sensory voltage ob-
served with the uncoupled approach. Clearly, uncoupledapproaches
overestimate the deflection and sensory voltage. Moreover, Fig. 7
indicates the suitability of the MPST to provide piecewise contin-
uous and stable sensory voltages with finite element discretization,
as opposed to the uncoupled approaches that effectively provide
only sensory voltages at integration points of inferior numerical
quality.

Figure 8 shows the difference between continuous sensors and
the more realistic case of eight curved piezoceramic patches (Fig. 4)
with continuous electrodes on their free surface. A continuous sur-
face electrode forces a uniform electric potential over the surface,
which was represented with equality constraints on the electric po-
tential. The resultant displacements and corresponding voltages at
each sensor are shown in Fig. 8, respectively. The presence of dis-
crete piezoelectric sensors has a definite effect on the deflected
shape, as well as the sensory voltage values. Figure 8 also illustrates
that the response of discrete sensors may be only roughly approx-
imated with the consideration of a continuous layer. Hence, many
proposed methods attempting to replicate discrete sensors by aver-
aging electric potential over segments of a continuous piezoelectric
layer may lead to considerable error.

The effect of curvature on the sensory voltage of the cantilever
shell with continuous piezoelectric layers is shown in Fig. 9 for a
semicircularand quarter-circularshell vs a cantilever plate, all hav-
ing identical length Lz = 0.314 m and aspect ratio L/ L,= 5. The
cantileverplate exhibits monotonic and identical sensory voltages at
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Fig.9 Effect of curvature on the sensory electric potential (¢pds;/h
10°) of a cylindrical [ p,/0/90/45/ _45], cantilever shell with continuous
piezoelectric sensors; radial line load Fz = 159.2 N/m is applied at the
free end.

two piezoelectriclayers, whereas the introductionof constantcurva-
ture results in notable changes in the voltage variations, thus making
the relation between deformed shape and sensory voltage less ap-
parent. Moreover, Fig. 9 also shows different sensory voltages in
the inner and outer piezoelectric layer of the curved shells, respec-
tively, which is attributedto through-the-thickness strainasymmetry
introduced by curvature. Consequently, the results indicate that the
through-the-thickness placement of the piezoelectric sensor may
affect its sensory voltage output in smart piezoelectric shells.

V. Summary

Mechanics for the analysis of laminated composite shells with
piezoelectric actuators and sensors were presented. The mechan-
ics were based on a new mixed-field theory for curvilinear lami-
nates that combines single-layerassumptions for the displacements
with a layerwise representationof the electric potential. The result-
ing governing coupled equations for piezoelectric shell laminates
and structures were developed in curvilinear coordinates. Based
on them, finite element based analysis procedures for piezoelectric
composite shell structures were described, and an eight-node shell
finite element was formulated for the static and dynamic analysis
of composite shells containing piezoelectric actuators and sensors.
The described mechanics, the finite element, and the computational
procedure were encoded in prototype software.

Evaluations and excellent comparisons were obtained with re-
ported results for thin piezoelectric composite plates and shells.
Applications of the method on the analysis of simply supported
cylindricalshells with an active piezoelectriclayer were performed,
illustrating the effect of through-the-thickness actuator placement
on the deformed shape of the shell. The active and sensory re-
sponse of laminated cantilever cylindrical shells with continuous
piezoceramic layers or discrete curved piezoceramic patches was
also analyzed, and the effects of curvature on the active and sen-
sory response were quantified. Overall, the numerical results have
demonstratedthe accuracy, versatility,and advantagesof the present
formulation for analyzing the response of thin and intermediately
thick piezoelectric-composdte shell structures.
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